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In this paper we present an extended tanh method that utilizes symbolic computations to obtain more
travelling wave solutions for two generalized Hirota-Satsuma coupled KdV systems in a unified way.
The key idea of this method is to take full advantage of a Riccati equation involving a parameter and use
its solutions to replace the tanh-function by the tanh method. It is quite interesting that the numbers and
types of the travelling wave solutions can be judged from the sign of the parameter.
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In this paper we investigate the two generalized Hirota-
Satsuma coupled KdV systems

u, =ium+3uux+3(—v2+w)x,

v,=——1—vm—3uvx,

w,=—%wm—3uwx )]
and

u,=—;—um—3uux+3(vw)x,

Vy == Ve +3 U0y,

W, =— Wy +3uw,. )

The system (1) was proposed by Satsuma and Hirota [1].
They found its 3-soliton solutions and showed that the
well-known Hirota-Satsuma equation [2]
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2
Uy =— Ve — 3 Uy 3)

Upee F3uu, —6v0,,

is a special case of the system (1) with w = 0 and recall-
ing the transformation x — \/2x, t = V/2t,. Recently,
starting from its bilinear form, Tam, Ma and Hu revisit-
ed the system (1) and found a new type of soliton solu-
tions [3]. The system (2) is a new generalized Hirota-Sat-
suma coupled KdV system proposed by Wu, Geng, and
Hu [4]. By introducing a 4 X 4 matrix with three poten-
tials, they derived a new hierarchy of nonlinear evolu-

tion equations which exactly contains the system (2). A
new complex coupled KdV system and Hirota-Satsuma
equation can be deduced from the system (2) as w = v*
and w = v, respectively. However, to our knowledge no
exact solution for the system (2) has been found as yet.

In this work we use a symbolic computation based
approach to find more travelling wave solutions for the
systems (1) and (2). The key idea of our method is sim-
ple and proceeds as follows: For a given partial differen-
tial equation, say in two variables,

H @, u,u,u,,..)=0, 4)

we first consider its travelling wave solutions u (x, f) =
U (&), € = x + B ttoreduce (4) to an ordinary differential
equation. The next crucial step is expressing the solution
sought for by the form

u(x,)=U &)=Y a ¢ Q)

i=0
with
¢g=d+ ¢’ (6)

where @ = ¢ (§). The parameter m can be found by bal-
ancing the highest order linear term with the nonlinear
terms. Substituting (5) and (6) into the relevant ordinary
differential equation will yield a set of algebraic equa-
tions with respect to a;, d, B because the coefficients of
¢ have to vanish. From these relations, g;, d and 3 can
be determined. It is easy to see that there are some advan-
tages in using the Riccati equation (6) instead of the tanh-
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function in the tanh method [5-7]. First, the Riccati equa-
tion (6) admits several solutions:

=—./—d tanh (\/35),
=.J=d colh(\/jé), for d<0, @)

¢=—é, for d=0, (8)

p=+=d an(y=38),
~J-d cot(\[-dE), for d>0. ©9)

This method can produce more travelling wave solutions
than the tanh method [5—7]. We can recover the solitary
wave solutions that had been found by the tanh method,
but for some equations, with no extra effect, we can also
pick up new and more general solutions. It is quite inter-
esting that we can use the sign of d in the Riccati equa-
tion (6) to judge the numbers and types of such travel-
ling wave solutions. For instance, if d <0, we are sure
that (4) admits tanh-type and coth-type travelling wave
solutions according to (7). Especially (4) will possess five
types of travelling wave solutions according to (7)—(9)
if d is an arbitrary parameter. The algorithm presented
here is also a computerized method in which generating
an algebraic system from (4) and solving it are two key
procedures, laborious to do by hand. Butit s easily imple-
mented on a computer with the help of Mathematica. The
outputs of solving the algebraic system by a computer
comprise a list of the form {d, B, a,...}. In general, if d
or any of the parameters is left unspecified, it is to be
regarded as arbitrary for the solution of (4). For simplic-
ity we write

T=tanh(J=d &), S=tan(VdE),

and coth-type and cot-type solutions are omitted in this
paper since they always appear in pairs with tanh-type
and tan-type solutions, respectively, according to (7) and
).

Let us solve the system (1) by the above method. We
first make the transformation u (x, £) = U (§), v (x, )=V
&), w(x,f)=W (&), E=x+ Bt and change system (1)
into the form

BU'=iU"’+3UU’+3(- V2 4wy,
ﬁv’=—%v"’—3uv',

ﬁW’=—%W"’—3UW’. (10)
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Balancing the highest order linear term with nonlinear
terms in (10) admits the following ansatz

u=apta @+a ¢2,

v=by+b @+b, (p2,
(1)
Substituting (11) into (10) and using Mathematica

yields an algebraic system of a;, b;, ¢; i=0, 1, 2), d
and B

w=c¢cgt+C Q@+cy q)z.

—%dz a1+dﬁa1 -3daya; +6dbyby —3dc; =0,

-3dal -4d*a,+2dBa, -6dayay +6db}
+12dbyby —6dc, =0,

-2day+Bay-3apa; —9daja, +6 by by
+18db by -3¢, =0,

-3af -10da, +2 Ba, -6 aga, —6dal +6 b
+12byby, +12db? —6¢, =0,

—%a1—9a1a2+18b1b2=0,

~6ay—6as +12 02 =0,

d* by +dBb +3dayh =0,

3dayb, +8d*b, +2d b, +6dayb, =0,
4db +Bb +3ayb; +3day by +6a; b, =0,
3a;b +20dby +2 Bby+6agby, + 6day by =0,
3by+3a,by +6a;b, =0, 12b, +6a,b, =0,
d? ¢, +dBey+3dage; =0,

3dajc, +8d*cy +2d e, +6dagc, =0,
4dcy+Pe+3agc;+3dayc; +6dajcy =0,
3a1¢;+20dcy +2 By +6agcy +6daycy =0,
3ci+3ay¢c1+6a1¢,=0, 12¢5 +6a,c, =0.

With the aid of Mathematica we find two sets of solu-
tions:

1 2 C1
—_—— —d—b ) b "_‘_’ =—1,
ay 2( i), bo 2 by a

ﬁ:%(d+3b12), a=by=c; =0. 12)

a0=——;—(4d+ﬁ), b0=é(—4d—4ﬁi3c2),

612=—2, b2=i1, a|=b1=61=0. (13)

Since d is arbitrary in (12) and (13), according to (7)—(9),
we find six types of travelling wave solutions:
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Fig. 1. Plots of u, v and w in the case d<0.
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Fig. 2. Plots of u, v and w in the case d>0.
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Fig. 3. Plots of u, v and w in the case d=0.
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Asd<0:
—b[-dT,

w=cy—cyJ—d T, §=x+%(d+3b12)t. (14)

u=-L(d+b2)+dr?, v="L
2 2b,

u=—%(4d+ﬁ)+2dT2,
v=%(—4d—4[)’i3c2)4=a’T2,
E=x+ Pt

It is seen that the solutions obtained in this case are soli-

ton solutions. Their physical relevance is clear to us. u in

(14) is a bell-type wave and v, w are kink-type waves,

while u, v, win (15) are all bell-type wave (see Figure 1).
Asd>0:

w=co—cy dT?, (15)

u=—%(d+b12)-d52,

V=a%—b1 \/ES, w=¢y+ -dS,
1

Zj=x+%(d+3b12)t.

u=——;-(4d+,3)—2d52,
v=%(—4d—4ﬂi3c2)idsz,
E=x+pr.

These solutions are triangle-type periodical solutions
(see Fig. 2), which develop a singularity at a finite point,
i.e. for any fixed ¢ = #, there exist an x, at which these
solutions blow up. There is much current interest in the
formation of so called “hot-spots™ or “blow-ups” of solu-
tions [8—10]. It appears that the singular solutions will
model these physical phenomena.

w=cg +c, +dS?,

Asd=0:
1,2 1 9] by
=——b ——im—y V=— =
Tt e 2b1 g
W=C0—_ & X+—= b]
5
u=-1f-Z v=g 4Bl gy,
3" € 3
w= co+52, E=x+fr.

These solutions are rational-type solutions (see Fig. 3),
which may be helpful to explain certain physical phe-
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nomena. Because a rational solution is a disjoint union
of manifolds, particle systems describing the motion of
a pole of rational solutions for a KdV equation were ana-
lyzed in [11-14].

Remark. Taking cy=c;=c,=0 and making the
transformation x — \/2x, t — /21, the above solutions
reduce to solutions of the Hirota-Satsuma equation (3). It
is clear that such solutions are different from those in [3,
4], since the u, v obtained by Hirota-Satsuma [1, 2] were

r=sfufir k)

e 3
v=—"T——n=kx-kt+n,
1+ —=1 "
g k4

while the u, v found by Tam-Ma-Hu [3] were

u=2(ln(1+e"+ (4+k4)e2”)) r

peg
k4 e
(4+k4)e2”]

v=1+
2[1+e’7+

In the following we look for travelling wave solutions
of the system (2). We make the transformation u (x, 7) =
U, v, )=V(E&),wkx,)=W (&), E=x+ Pt and

change the system (2) into the form

BU'=%U'”—3UU’+3(VW)',
BV =—V”"+3UV,
BW =—W”"+3UV". (16)

Balancing the highest order linear term with nonlinear
terms in (16) admits the ansatz

u=ao+a1(p+a2(p2,
V=b0+bl(0+b2(pz,

w=co+Cc; 0+, an

Substituting (17) into (16) yields an algebraic system of
a;, b, ¢;, (i=0,1,2),dand B:

—d*ay+dBay+3daga; -3dbco—3dbyc, =0,
3da12—8d2a2+2d/3a2 +6dt10(12—6db2€0
—6db1C1—6db()C2=0,
—4day+Bay+3aya+9aiay; -3bycy— 3byc
—9db2€1—9db]6‘2 =0,

-3af -20da, +2 Ba, +6aga, +6da? — 6 b, cy
—6bici-6bycy —12dbyc, =0,
-3a1+9a1a;, -9byc; -9 by, =0,
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~12a,+6a3 -12 b, c; =0,

2d*by+dBb -3dayb =0,

-3da by +16d*b, +2dBby —6dagb, =0,
-3a1b+40dby+2PBby —6aygby —6day b, =0,
6b—3a,by—6a1by =0, 24by —6a,b, =0,
2d%c, +dBc,-3daye, =0,

~-3dajc; +16d*cy; +2d Bc, ~6dagc, =0,
8dc)+ ey —3agc; —3dayey—6dajcy =0,
-3ac;+40dcy +2fcy —6agc, —6daycy =0,
6c;-3ayc;—6a1¢c, =0, 24¢cy —6ayc, =0,
which has two sets of solutions:

a0=%(8d+ﬁ), a=b=c=0, ay=4,

4(4dC2+2ﬁC2—362) 4
b()= 2 ) b2 =y
3C2 Cy
ao—_—i(4d+b](31), a]=b2=C2=0, a2=2,

b():_blco

5 ﬁ=l(4d+3blC1).
C] 4

Since d is arbitrary, we also get six travelling wave solu-
tions for system (2):

Asd<0
u=%(8d+ﬂ)—4dT2,

4(4d62+2ﬁC2—3C0) 4d 2
V= 5 -—T%,
362 Cy

E=x+pt.
u=%(4d+b1cl)—2dT2,

pea 8§ I,

1

w=cCy—C A-dT, E=X+%(4d+3b1 at.

w=co—c dT?,
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&
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Since the properties of these solutions are similar to those
of system (1), we omit their plots and discussion here.
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